A LOWER SEMICONTINUITY RESULT FOR SOME 
INTEGRAL FUNCTION ALS IN THE SPACE SBD 



FRANQOIS EBOBISSE 

Abstract. The purpose of this paper is to study the lower semicontinuity with re- 
spect to the strong L 1 -convergence, of some integral functionals defined in the space 
SBD of special functions with bounded deformation. Precisely, we prove that, if 
u G SBD(il), (uh) C SBD(f2) converges to u strongly in i 1 (f2, R") and the mea- 
sures \Eiuh\ converge weakly * to a measure v singular with respect to the Lebesgue 
measure, then 

/ f(x,£u) dx < liminf / f(x,£uh)dx 
Jn ' Jq 

provided / satisfies some weak convexity property and the standard growth assump- 
tions of order p > I. 
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1. Introduction 

Our goal in this paper is to extend in the framework of functions with bounded defor- 
mation, the following lower semicontinuity theorem by Ambrosio [2] for integral functionals 
defined in the space SBV of special functions of bounded variation. 

Theorem 1.1. Let C M. n be an open set and let f : Q x R k x R nxk be a Carathedory 
function satisfying: 

(i) for a.e. every i£!l, for every (u, £) G K fc x R nxfc , 

ier < f(x, u ,o < o(a;)+*(H)(i + ie|f), 

where p > 1, a G and the function ^ : [0, do) — > [0, oo) is continuous; 

l 
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(ii) for a.e. every i£(! and every u £ R k , f(x,u, •) is quasi-convex. 

Then for every u £ 5.BV(f2, and any sequence (u^) C iS-BV^, converging to u in 
Lj oc (Q,R k ) and such that 

(i.i) sup?r-V u j < oo 



we aaue 



/(x, n, Vu) dx < liminf / f(x,Uh,Vuh)dx. 
h ^°° Jn 



Theorem 11.11 extends in the SBV setting a classical lower semicontinuity result by Acerbi- 
Fusco P in the Sobolev space W 1,P (Q). 

Later Kristensen in |19j extended Theorem 11.11 under the weaker assumptions 



(1.2) sup / 6{\u+ - u h \)dH n - 1 < oo 

h JSu h 

for some function 6 such that 9{r)/r — > oo as r — > + , and / is a normal integrand, i.e., for 
a.e. x £ f2, /(a;, •) is lower semicontinuous in R k x R nxfc and there exists a Borel function 
f :nxR k x R nxk -> [0, oo] such that /(x, •, •) = f(x, •, •). 

In the proof of Theorem 11.11 as well as in the Acerbi-Fusco result, the use of Lusin type 
approximation of functions in the given space {BV or Sobolev spaces) by Lipschitz continuous 
functions is crucial. 

Recently, Theorem 11.11 has been extended by Fonseca-Leoni-Paroni |17j to functionals 
depending also on the hessian matrices. 

In this paper we deal with first order variational problem, but with integral functionals 
depending explicitely on the symmetrized derivative Eu := (Du + Du T )/2 and defined in the 
space BD of functions with bounded deformation. 

The main result of the paper is the following lower semicontinuity theorem: 

Theorem 1.2. Let p > 1 and Let f : f2 x — * [0, oo) be a Caratheodory function 
satisfying: 

(i) for a.e. every x £ Q, for every £ £ M^ 1 , 

< f(x,o < <Kx)+c(i+\sn 

for some constant C > and a function <fi £ L l (tt); 

(ii) for a.e. every xq £ Q, f(xQ,-) is symmetric quasi-convex i.e., 

(1.3) f(x ,0< -f f(xo,t + £<p(x))dx 



for every bounded open subset A ofR n , for every tp £ VFq'°°(j4, M. n ) and £ £ M™ y ^\ 

Then for every u £ SBD(r2), for any sequence (uh) C SBD(f2) converging to u strongly in 
L 1 (r2,M ra ) with \E^Uh\ converging weakly * to a positive measure v singular with respect to 
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the Lebesgue measure, we have 

/ f(x,£u)dx < liminf / f(x,£uh)dx. 
Jn h^oo J n 

In the literature there are various results on lower semicontinuity and relaxation of convex 
integral functionals in BD with linear growth in the strain tensor, in connection with elasto- 
plasticity problems (see 123] 1241 ) . Concerning non convex functionals with linear growth 
we mention the papers |12] 113] . As far as the author knows, there is no result on lower 
semicontinuity of non convex volume energies with superlinear growth in the strain tensor. 
So, Theorem 11.21 is the first lower semicontinuity result for this class of functionals. 

The proof of Theorem 11.21 follows the lines of Theorem 11.11 We use the blow-up method 
introduced in ^S] and described as a two-steps process whose first step here is the proof of 
a lower semicontinuity result whenever is the unit ball B(0, 1), the limit function is linear 
and \E^Uh\(B(0, 1)) converge to zero (see Proposition l3.1j) . In a second step, we use a blow-up 
argument through the approximate differentiability of BD functions to reduce the problem 
into the first step. 

The use of Lusin type approximation of BD functions by Lipschitz functions is crucial in 
the proof of Proposition 13.11 This result established in |11] and refined here in Proposition 
12.81 is obtained using a "Poincare type" inequality for BD functions (see Theorems 12.21 and 
12 .3|) together with the maximal function of Radon measures. 

This paper is organized as follows. In section 2 we collect and prove some fine properties 
of BD functions that will be used in the proof of our main result. Section 3 is devoted to 
the proof of Theorem 11.21 In section 4, we discuss the assumption (in Theorem 11.2]) that 
the measures \E 3 Uh\ converge weakly * to a positive measure v singular with respect to the 
Lebesgue measure. In Example 14.21 we consider a minimization problem in SBD with a 
unilateral constraint on the jump sets and we show that minimizing sequences satisfy the 
assumption on \E 3 v,h\. However, this assumption is not always compatible with the SBD 
compactness criterion ( Theorem 14.1]) . In fact, we construct in Example 14.41 a sequence of 
functions (uh) which verifies the assumptions of Theorem 14. II while \E 3 Uf l \ converge weakly 
* to a measure proportional to the Lebesgue measure. 

2. Notation and preliminaries 

Let n > 1 be an integer. We denote by M nxn the space of n x n matrices and by M^^ 1 the 
subspace of symmetric matrices in M nxn . For any £ E M nxn , £ T is the transpose of £. Given 
u, v £ R n , u (8> v and u v := (u (8> v + v <S> u)/2 denote the tensor and symmetric products 
of u and v, respectively. We use the standard notation, C n and Tt n to denote respectively 
the Lebesgue outer measure and the (n — l)-dimensional Hausdorff measure. For every set 
E C M ra , E, \E\ and \E stand respectively for the closure of E, the Lebesgue outer measure 
of E and the charateristic function of E, that is Xe( x ) = 1 if x G -E and xe(%) = if x ^ E. 
For 1 < p < oo, || • || p will denote the norm in the L p space. 
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Let fi be an open subset of M. n We denote by B(Q) the family of Borel subsets of f2. For 
any and p > 0, £?(x, p) denotes the open ball of W 1 centered at x with radius p. When 

x = and p = 1 we simply write B\. We use the notation w n for the Lebesgue measure of 
the ball B\. If p is a Radon measure, we denote \p\ its total variation. 

Definition 2.1. A function u : 17 — > M n is wii/i bounded deformation in Q, if u G L R n ) 
and£u := {Du + Du T )/2 G M^ 1 ), w/iere L> u is £/ie distributional gradient of u and 

MbiP-: ^sym) ^ s the s P ace °/ Mgyrn -valued Radon measures with finite total variation in Q,. 

The space BD(fi) of functions with bounded deformation in 0, was introduced in |2L)| and 
studied, for instance in |18j . |2Hj . |24| in relation with the static model of Hencky in 
perfect plasticity. BD(S7) is a Banach space when equipped with the norm 

IMI.B.D(n) := ll n ILl(n,R") + \Eu\(fl) 
where \Eu\(£l) is the total variation of the measure Eu in £1. 

Whenever the open set £1 is assumed to be connected, the kernel of the operator E is the 
class of rigid motions denoted here by 1Z, and composed of affine maps of the form Mx + b, 
where M is a skew-symmetric n x n matrix and b G M. n . Therefore 1Z is closed and finite- 
dimensional. 

Fine properties of BD functions were studied, for instance, in [S] and [T^]. The following 
"Poincare type" inequality for BD functions has been proved by Kohn ^H] (see also |3]). 

Theorem 2.2. Let O be a bounded connected open subset ofW 1 with Lipschitz boundary. Let 
R : BD(fl) — > 1Z be a continuous linear map which leaves 1Z fixed. 
Then there exists a positive constant C(£l,R) such that: 

(2.1) / \u-R(u)\dx < C(n,R)\Eu\(n) for any u G BD{p). 

Jn 

When fl is an open ball of W 1 there is a precise representation of the rigid motion R(u), 
given in the following theorem. 

Theorem 2.3. Let u G BD(W l ), iGl™ and p > 0. Then there exists a vector d p (u)(x) G R n 
and an n x n skew- symmetric matrix A p {u){x) such that: 



(2.2) / \u(y)-d p {u)(x)-A p {u){x){y-x)\dy<C(n)p\Eu\{B{x,p)) 

JB(x,p) 

where C(n) is a positive constant depending only on the dimension n. 

Moreover, d p (u)(x) and A p (u)(x) are expressed as singular integrals in the following ways: 

(2-3) d p (u){x) :=J2 f ~ X i dEu lm (y)- 

(2.4) AV(u)(x) := £ / - y" ' dEu lm (y), 
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where f\ and T, respectively third and fourth-order tensor valued functions, are defined and 
studied in ^B] 7 [I]- 

We recall that if u G BD(il), then the jump set J u of u is a countably (TL n ~ l ,n — 1)- 
rectifiable Borel set and the following decomposition of the measure Eu holds 

(2.5) Eu = £uC n + E s u = £uC n + E j u + E c u , 

where E^u := ([u] v u )Ti. n ~ 1 \- J u , [u] := u + — u~ , u + and u~ are the one-sided Lebesgue 
limits of u with respect to the measure theoretic normal v u of J u , Eu is the density of the 
absolutely continuous part of Eu with respect to C n , E s u is the singular part, and E c u is the 
Cantor part and vanishes on the Borel sets that are cr-finite with respect to TL n ~ l (see 0]). 

Hereinafter we will use the following Proposition proved in [IJ Proposition 7.8 and Remark 
7.9]. 

Proposition 2.4. Let K : R™\{0} — > R be a -homogeneous function, smooth and with mean 
value zero on the unit sphere S n ~ . For any Radon measure \i with finite total variation in 
M. n , let us define the functions 

h P W ■= I Kiv ~l ] My) p > o. 



~x\>p \y — x 



Then the function h(x) := sup|/ip(x)| satisfies the following weak L 1 estimate 

(2.6) \{x G R n : h(x) > t}\ < C ^ K \ fi\(R n ). 

Moreover, if u = fC n with f G L p (W n ), then the following strong LP estimate holds 

(2-7) |H| p <C(n,^)||/|| p . 

Let us also recall the theorem by Ambrosio-Coscia-Dal Maso 4 on the approximate dif- 
ferentiability of BD functions. 

Theorem 2.5. Let $7 be a bounded open set in W 1 with Lipschitz boundary. Let u G BD(O). 
Then for C n almost every x G 0, there exists an n x n matrix V«(x) such that 

(2.8) km 1 / Hy)-u{x)-Vu{x){y-x)\ = 
P^P n Jb(x, P ) P 

and 

(2.9) km -i I \{<y)-<x)-z<x)iy-^y-x)\ dy = 

p^p n JB{x, P ) \y-x\ 

for C n -almost every i£!l. 

In particular, from (|2.8|) we have u is approximately differentiable £ n -almost everywhere in 
Q and from Proposition 12 .41 it has been proved the function Vti satisfies the weak L 1 estimate 

C n {{x G O : \Vu(x)\ > t}) < \\u\\ BB{n) Vt > 0, 



6 FRANgOIS EBOBISSE 

where C(n, Q) is a positive constant depending only on n and £1. 
From (|2.9|) and 1)2. 8 j) one can easily see that 

(2.10) £u{x) = (Vti(i) + Vu(x) T )/2 for £ n -a.e. x £ Q. 

Analogously to the space SBV introduced by De Giorgi and Ambrosio (see for instance 3 ), 
the space SBD was introduced by Bellettini and Coscia in [7j and studied in |S]. 

Definition 2.6. The space SBD(f2) of special functions with bounded deformation, is the 
space of functions u G BD(fi) such that the measure E c u in \2. 5\) is zero. 



We set 



A(u)(x) := sup | A p (u)(x)\ 

p>0 



with A p (u) the anti-symmetric matrix defined in (|2.4j) . Note that for every u G SBD(£l), 
A p (u) = L p (u) + J p (u) with 

n r r lm (v - x) 

(2.H) £?■(«)(*) := E / - o,V J + 2 £u im(y)dy 



and 



r T lm (v — x) 

(2.12) J^u)(x) := £ / - 2 J\ v _J + 2 dE ^l m (y). 

, -, J\v— x \>o z ' UJ n\y x\ 



l J\y-x\>p 2w n \y-x\ 



We set also 



(2.13) L(u)(x) := sup \L p (u){x)\ and J(u){x) := sup | J p (u)(x)\. 

p>0 p>0 

Let us also recall that, given a R m -valued Radon Measure ^ in R™, the maximal function of 
{j, is defined by 

M(u)(x) := sup ^ I( ^ (X \ P)) Vx G R™ 
p>o \B{x,p)\ 

Whenever [i = gC n , we recover the maximal function of the function g (see 22 ). 

The following theorem is proved in |llj . 

Theorem 2.7. Let fi be eitherW 1 or a Lipschitz bounded open subset ofW 1 and u G BD(Q). 
Then for any A > 0, there exists a Lipschitz continuous function v \ : 0, —* R n with lip(v\) < 
CX such that: 

C 

(2.14) \{x G : u A (x) ^ u(s)}| < - ||u|| BD(n) , 
where C is a positive constant only depending on n or also on £1. 

We can further refine the estimate (|2.14|) when the function u G SBD(Q) with Eu G 

LP(n,m^). 
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Proposition 2.8. Let p G (l,oo) and u E SBD{R n ) with £u G L p (M n ,M^). For every 
A > there exists a function v\ : R n — ► R n Lipschitz continuous with lip(v\) < CX, \v\(x)\ < 
CX for every x E R n , and for any Borel subset E ofW 1 , the following estimate holds 

(2.15) \En{xGR n : v x (x) + u(x)}\ < ~ [|M| L i( ffi « r») + \E j u\(E)] + 

+ 1 f \L{u){x)fdx + i / [M(\£u\)] p dx. 

* P J ED{L(u)(x)>\} AP JEn{M(\Eu\)>\} 

where C is a positive constant only depending on n. 

Proof. For A > 0, we set 

E x := {x E R n : M(\u\C n + \Eu\){x) < 3A and A{u){x) < 2A}. 

It has been proved in Theorem l2.7l that u\e x \s u is Lipschitz continuous with Lipschitz constant 
less or equal to a positive constant proportional to A. Moreover, from Lebesgue differentiation 
theorem we have also 

|u(x)|<3A \/xeE x \S u . 

The function v\ is then obtained from u\e x \s u by Kirszbraun's Theorem (see Federer 
Theorem 2.10.43]). 

Now given E G B(R n ), since En{xeR n : v x (x) ^ u(x)} C E\(E X \ S u ), it is sufficient to 
estimate the measure of the Borel set E \ (E\ \ S u ). 
Note that 

\EH{x E R n : A(u)(x) > 2A}| < \E n {x E R n : L(u)(x) > X}\ 

+ \EH{xeR n : J(u)(x) > A} | 

where L and J are defined in ()2.13|) . From Proposition 12.41 and Chebychev inequality we get 
respectively 

\E n {x G R n : J{u){x) > X}\ < ^t\E j u\(E) 

A 

and 

\Ef]{x£ R n : L{u){x) > A}| < ^- / \L{u)\ p dx. 

X P JEn{L(u)(x)>\} 

So, we obtain 

(2.16) \En{xeR n : A(u)(x) > 2X}\ < ^^\E j u\{E) + ±- f \L(u)\ p dx. 

X XP J En{L(u)(x)>\} 
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On the other hand, using covering theorems (see [3], JH]) an d the properties of maximal 
functions of L p functions, we obtain the estimates 

(2.17) \ED{xeR n : M(\u\C n + \Eu\){x) > 3A}| < \En{xeM. n : M{\u\L n ){x) > X}\ 
+ \EH{x £K n : M(E j u)(x) > A}| + \En{xeR n : M(Eu){x) > A}| 

< ^[|Hb(R»^») + \E j u\(E)] + 1 / [M(f«)]f dx. 

Therefore the estimate (|2~TT>|) is obtained by adding (f2~16|) to (|2~T7|) . □ 

Remark 2.9. Let be a bounded connected open subset of M. n with Lipschitz continuous 
boundary dti. Let u E SBD(Q) with £u E L p (0,M^). Let u be the extension of u by 
outside 0. We recall that 

Eu = £uC n \_n + E j u\-tl - 7(u)0z/H n-1 LaO 

where 7(«) and f are respectively the trace of u on <9$7 and the outer unit normal vector to 
dQ. So, applying Proposition 12.81 to u, we get the following estimate 



(2.18) \En{x £R n : v x {x) ^u(x)}\ 

\u\\ LHn #n ) + \EPu\(SlnE) + [ \j(u) v\dn n - x 

JannE 



A 

+ 4/ \L{u)Tdx + ±-l [M(\£u\)fdx 

for every E E i3(M n ). In particular for any E 1 E B(O) we get 
(2.19) \EH{xen: v x (x)^u(x)}\ < [||n|| L i (w + |^|(^)] 

+ 1/ \ L{u) \P dx + ^f [M(\£u\)fdx. 

AF JEC\{L(u){x) > A} A ' J EC\{M{\Eu\)>\} 

3. The proof of the main result 

This section is essentially devoted to the proof of Theorem 11.21 where the following propo- 
sition will be crucial. 

Proposition 3.1. Let fh : 0, x M" y ^ —* [0, oo) be a sequence of Caratheodory functions 
satisfying for a.e. every x £ £1, for every £ E M™^, 

for some constant C > and a sequence {4>h) uniformly bounded in L l {B\). Assume that 
there exist an C n -negligible set N C B\ and a symmetric quasi- convex function f : M£™ — > 
[0, oo) such that lim/j-^oo fh(y, = /(£) uniformly on compact subsets o/M™^ and for any 
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y 6 B\\N. Then, for any sequence (uh) in SBD(B{) converging strongly in L 1 (i?i,IR n ) to a 
linear function u, with lim^oo \ E 3 Uh\{B\) — > 0, we have 

I f{£u)dx < liminf / fh(x,£uh) dx. 

Proof. Let (uh) C SBD{B{) be a sequence which converges strongly in L l (B\,W a ) to a linear 
function u and lim^oo — > 0. Up to substituting Uh by Uh — u and fh(x,z) by 

z + £ u) we can assume that u = 0. So, we have to prove that 

(3.1) 15x1/(0) < liminf / f h (x,£u h )dx. 

h ^°° J By 

Up to a subsequence we assume that 

liminf / fh(x,£uh) dx = lim / fh(x, £uh) dx < cc. 

h ^°° JB 1 h ^°°JBi 

So the sequence (£u/j) is uniformly bounded in L p (Bi,M™™). We set 

(3.2) tt h := [M(ft* ft )]f + \L(u h )\P + |^| 

where M is the maximal function and L is defined in (|2.13j) . From the assumptions and from 
Proposition I2.4( we have that (^h) is a bounded sequence in L l (B\). So, By Chacon Bitting 
Lemma (see for instance |3J Lemma 5.32]) there exist a subsequence of {^>h) (still denoted 
(^h)) and a decreasing sequence of sets {E k ) C B{B\) such that |^| — > as k — > oo and the 
sequence ('JZ/jl^^^ is equiintegrable for any k G N. We introduce the following modulus 
of equiintegrability for the sequence (^h^-BAE^h 



(3.3) W fc (<y) := sup < 



limsup / %cte: F G B(-Bi) with 

fo— >oo J F 

F cB 1 \E k and |F| < 5 



V<5 > 0, Vk £ N. 



It follows that W k (5) as (5 -> 0. 

Now, from Proposition 12.81 and Remark 12.91 we have for any integer m > 1, a Lipschitz 
continuous function u/i jm : £>i — ► IR n and a set Eh, m S B{B\) such that 

(3.4) Lip(v h , m ) < C(n)m, \v h>m (x)\ < C(n)m Mx £ B 1 , v hjm = u h in #i \ E^.m 
and for any Borel subset E of B\ the following estimate holds 

(3.5) \E h>m \E\ < ^[||„ h || Ll(Bi>]lln) + |^ Ufc |(Si)] 

+ — [ \L{u h ){xWdx + — I [M{\£u h \)fdx. 

mP J {L{u h )(x)>m}\E ™r J{M(\Eu h \)>m}\E 

In particular for E = E k we get from the definition of *$>h that 

(3.6) \E Km \E k \ < ^M[\\ Uh \\ L B + \Eiu h \(B x )] +— [ V h dx. 

m mP J{f h >mP}\E k 
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We set S := sup^ H^Hi. Using the fact that \{^h > rn p }\ < -Ap together with Uh 
strongly in L 1 (i?i,R n ) and \E 3 Uh\(B\) — ► (by assumptions), we get from (|3.6j) that 

(3.7) limsup m?\E h>m \ E k \ < 2W k (^-) 



h—*oo 



From the inequality ([3.7) 1 . it is easy to see (for m large enough) that 



limsup / 4>h dx < lim sup / ^hdx<2Wi 

h^oo JE h , m \E k h-*oo J E h<m \E k 



(-) 

\mPJ 



Now from (|3.4|) . it follows by Ascoli-Arzela that the sequence {vh, m )h is relatively compact in 
C{B\,W l ). Hence, we get up to a subsequence, that for every integer m > 1, v^ m converges 
uniformly to a function v m G C(B i,M. n ) as /i — > oo. Since, |J5jj.| — > as — > oo, to get (|3.1|) . 
it is enough to prove that 

(3.8) |£i\£ fe |/(0) < liminf / f h (x,£u h )dx 

We have the following estimates 



Vfc G N. 



f h (x,£u h )dx > / f h (x,£u h )dx = / f h {x,£v h>m ) dx 

Bi J B!\(E Km UE k ) J B!\(E h ^ m UE k ) 



f h (x,£v hjm )dx - / f h (x,£v h>m )dx 

Bi\E k J E h , m \E k 

> / f h (x,£v h)in )dx - / ^dx-Cm p |£'^ m \E fc |. 

J B\\E k J E h ^ m \E k 

So, passing to the limit as h —* oo, and using ()3.6|) and 1)3 .7|) we get that 

(3.9) liminf / f h (x,£uu) dx > liminf / f h (x,£v h m ) dx - CWk(— Y 
From the assumption of the convergence of fh{%,& to /(C), we get that 

(3.10) liminf/ f h (x,£v hm ) dx > liminf / f(£v hm )dx. 

h~>°° J Bl \E k h^oo J Bl \E k 

Using the symmetric quasi-convexity of the function /, we get also that 

(3.11) liminf/ f{£v h , m )dx> I f(£v m )dx. 

h ~*°° J Bi\E k JBjXEk 

Indeed, / symmetric quasi-convex means that / o tt is quasi-convex in the classical sense, 
where ir is the projection on symmetric matrix. Since lip{vh,m) < C(0, n)m, it is easy to see 
that the (vh,m)h converges weakly * in W '°°(Si,R n ) to the function v m and hence 1)3.11)1 
follows from a classical lower semicontinuity theorem by Morrey (see for instance Dacorogna 

IBS). 

Finally from ((33)1 . (|3~TU)l and ()3~TT|) we obtain that 

(3.12) liminf/ f h (x, £u h ) dx > [ f{£v m )dx-CW k (^- 

h-^oo J Bl J Bi\E k ^ mP 
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On the other hand, from (|3.7|) we have also that 



(3.13) m p \{x € Bi \ E k : v m (x) / 0}| < 2W, 



■(- 

\m p 

In fact, from the Z^-norm lower semicontinuity of the map 



\{x £ B 1 \E k : \u\(x) ^ 0}\ = / X(o,oo)(\u\(x))dx 

J B\\E k 



U 

it follows that 

i p \{x G Bx \ E k : v m {x) ± 0}| < liminf m p \{x G B x \ E k : (v hjm - u h )(x) ^ 0}| 



mr 



= liminf m p \E Km \E k \ < 2W k (—). 
/woo 1 1 \m p / 

Now, setting A m := {x £ B\ \ E k : v m (x) / 0}, we obtain from IJM.12)) that 

(3.14) liminf / f h (x,£u h )dx> f f( )dx-CW k (^-) 

h^oo J Bl J Bi\(E k UA m ) ^ mP/ 

So, passing to the limit in H3.12|) as m — > oo and using H3.13j) we finally obtain Q3.8j) and this 
achieves the proof of the proposition. □ 

Now we are in the position to prove our main result. 

The proof of Theorem MJA Let (uh) be a sequence such that converges strongly to u in 
L 1 (0, W 1 ) and \E^Uh\ converges weak * to the measure u singular with respect to the Lebesgue 
measure. We assume that 

liminf / f(x,£uh)dx = lim / f(x,£uh)dx < oo. 
h ^°° Jn h-*°°Jn 

So, up to a subsequence, the sequence of measures fh(x,£uh)C n \—Q converges weakly * to a 

positive measure fi. To prove (jl.4|) . it is enough to prove that 

(3.15) oX™^ ~ f( x °' £u ( x °^ a,e - x o^tt- 

In fact, from the lower semicontinuity of the total variations of measure with respect to weak 
* convergence and from the inequality (|3. 15|) it follows that 

liminf f f(x,£uh)dx>fi(Q)> f -r^-(x)dx> f f(x,£u(x))dx. 
h->oo J n J n dL n J n 

So, let us prove that ()3.15|) holds. To this aim, we use a characterization of Caratheodory 

functions by Scorza-Dragoni (see e.g. Page 235]), to get for every i £ N a compact set 

K i C such that \Q \ Ki\ < 1/i and /|^. X M nxn * s continuous in Ki x M™ y ^\ Let K\ be the 

set of Lebesgue points of the function XK t - We set 

F:={J(K t nK}) 

and it follows that \Sl\F\ < |fi \ n K})\ = |fi \ Ki\ < 1/i ^ as i -> oo. 
Let us fix xq £ F such that: 
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(i) xq is an approximate differentiability point of u and such that £u(xq) = ^ u ( x o)+^ u ( x o) . 

I 11 ) -T7T- ( x o) = hm — — -7^ = 0; 

y J dC nK ' s^o \B(x ,e)\ 

f-\ dn fi(B(x ,e)) 
m) — — (xq) = hm —— — — < oo. 

Now, we consider a sequence e k \ + such that u(8B(xq, e k )) = and /j,(dB(xo, e k )) = 0. 
Note that such a sequence exists since {e > 0: v(dB(xo, e)) > 0, v(dB(xo, e)) > 0} is at most 
a countable set. 

From the approximate differentiability of u at xo and the fact that Uh — ► w strongly in 
L 1 (n,M") we get 

(3.16) lim lim ||u fc/l - w \\ L ir B Rn) = 

where 

v>k,h ■= and w {y) := \/u(x )y. 

We have also that 



\E j u k , h \{B{) = f \{ul h -ul h )Qv UKh \dH n - 1 

eZ n [ |(u+-Ufc)0i/ tth |dH B - 1 

■/ Sfxn.etlnJ.1. 



\&u h \{B{x ,e k )) < |ffJ M/t |(fl(s , £fc )) 



Hence 



(3.17) hmsuphmsup \E J Uk,h\\B\) < hmsuphmsup 

fe-^oo h—*oo k— +oo ft— >oo & k 



v(B(x ,e k )) 
< hmsup = 0. 

k—>oo & k 

On the other hand, setting f k (y,0 '■= f(xo + £ k y,£,) we get that 



dp , x ^ ,. M^o,^)) 
-(xq) > hmsup- 



d£™ fc-oo |-B(x ,£fc)| 

> lim sup lim sup — — — f f(x,£uh)dx 

k->oo h^oo \B{X ,e k )\ JB{x ,e k ) 



> hmsuphmsup— / f(x + £ k y,£u kyh )dy 
= hmsuphmsup— J f k (y,£u k)h ) dy. 

k—*oo h— >oo J B\ 



Therefore, by a standard diagonalization argument we may extract a subsequence v k := u kj h k 
such that 

lim ||v fc - wq\\ l i {b Rn) = 0, lim \E 3 v k \(Bi) = 

k— >oo fe^oo 
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and 

dfj, 



[xq) > limsup — J 

fc^oo w n JBi 



fk(y,£v k )dy. 



dD 

Now, since xq E F, there exist io £ N such that xq E Ki n Kf . So, the sequence X K i 



converges strongly to 1 in L 1 (B\) and hence, up to a subsequence X K i Q -*Q (v) ~^ 1 f° r a - e - 

y £ B\. So, for A; large enough we have that xq + E i£i for a.e. y E -Bi. Hence, for every 
£ E M™^ we get lim^oo /(x + £kV, 6) = f(%o,0 for a.e. y E Bi- Therefore, we get for a.e. 
V G Si, 

(3-18) lim /fcd/,0 = /(x ,0 

locally uniformly in M™ 5 ^ 1 . So, applying Proposition 13. II to the sequence (vk), we get that 
dfj, 



(x ) > liminf — / f k (y,£v k )dy > — f 

k^oo W n J Bl W n J Bl 



f(x ,£u(x ))dy = f(x ,£u(x )) 



dD 

which gives (j3.15j) and achieves the proof of the theorem. □ 

4. Some examples and remarks 

In the proof of Theorem ll.2[ the assumption on \E 3 Uh\ has played a crucial role in order 
to perform the blow-up argument. Note that any sequence (u/J C W 1,p (£l,W n ) such that 
Uh — > u strongly in L 1 (r2, W 1 ) satisfies trivially the assumptions of the theorem. For examples 
of sequences which are not necessarly in W 1,P (Q, W 1 ), we consider here a variational problem 
with a uniform L°° constraint on the admissible functions and a unilateral constraint on their 
jump sets. 

Let us recall here the compactness criterion in SBD by Bellettini-Coscia-Dal Maso [5]. 
Theorem 4.1. Let (J) ■ [0, +oo[^ [0, +oo[ be a non- decreasing function such that 

(4.1) lim ^ = +oo. 

t^+co t 

Let (uh) be a sequence in SBD(Q) such that 

(4.2) I \u h \dx + \£Pu h \(n)+ [ <t>{\£u h \)dx + H n - l {J Uh )<C 
for some positive constant C independent of h. 

Then there exists a subsequence, still denoted by (uh) and a function u E SBD(f2) such that 

(4.3) u h -> u strongly in Lj^O, M n ), 



(4.4) £u h ^£u weakly inL^fi.M^) 



(4.5) E 3 u h ->> E 3 u weakly * in M b (Q, M" y x ^) 
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(4.6) H n ~ l {J u ) < HmmfH n - L (J Uh ). 

In the next example we consider a variational problem for which the minimizing sequences 
satisfy the assumption on \E J Uh\ in Theorem 11.21 

Example 4.2. Let K ^ be a non closed subset of Q, such that < H n_1 (if) < oo and let 
{F(x)} xe n be a family of uniformly bounded closed subsets of W 1 . We consider the following 
variational problem: 



(4.7) min / f(x,£u)dx 

uGSBD(C) Jq 
JuCK 

u(x)eF(x) a.e. in fi 

with the function / satisfying the assumptions of Theorem 11.21 Let us prove that Problem 
1)4. 7j) admits a solution. 

By the rectifiability of jump sets of BD functions, the inclusion J u C K will be intended up 
to a H ra ~ 1 -negligible set. 

Let (uh) C SBD(r2) be a minimizing sequence for problem ()4.7|) . By the assumptions, 
there exists M > such that ||itft||oo < M 

(4.8) \E?u h \(n) < 2\\u h \\ 00 H n -\j Uh ) < 2MH n - 1 {K) < oo 

and hence by the growth assumptions of /, (|4.2|) is satisfied with cj)(t) = t p . By Theorem 
14. 1) Uh converges (up to a subsequence) strongly in L 1 (f2,R n ) to some function u G SBD(O). 
Hence we get also u(x) G F(x) a.e. x G ft. 

On the other hand, the sequence \E^Uh\ converges (up to a subsequence) weakly * to some 
positive measure v. It easily follows from 1)4.8)1 that the measure v is concentrated on the set 
K. Therefore v is singular with respect to the Lebesgue measure. So, by Theorem 11.21 we 
have that 

/ f(x, £ u) dx < liminf / f(x,Suh)dx. 

Now let us prove that u verifies the constraint J u C K up to a W n_1 -negligible set. This is 
obtained by slicing. To this aim we recall the notations for one-dimensional sections of BD 
functions. 

Given £ G W 1 with 0, we set 

vr« :={yeW n : (y,£)=0} 

and for every y G and for every B G B(Q), 

Bl := {t G R: y + G 5} and 5* := {y G 7r^: Sj ^ 0}. 

For every u G L 1 (0,M n ) we set 

ufrt) := (u(y + 
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It has been proved in [I] that, if u G SBD(f2) then for H^-a.e. y G u y 6 SBV(fiJ). 
Viceversa, assume that 

4 £ SBV(n|) for W n_1 -a.e. y G € and ^ iDujKfi^dW^Ci/) < 00 

for every £ = £j + £j, i,j = 1, • • • ,n, with (Ci)iLi being an orthonormal basis in M n . Then 
u G SBD(O). 

Setting jj := {x G J u : (u + (x) — u~(x),£) 7^ 0}, it follows from Fubini's theorem that 
(4.9) H n ' x {J u \ 4) = for H n_1 -a.e. £ G S n ~\ 

From the structure theorem for BD functions (see [3J theorem 5.1]) we have also 

J 4 = ( J if y fora.e. yG^. 
Now we can prove that the limit u of the minimizing sequence (v,h) for Problem (|4.7|) 
satifies the constraint J u C K. 

Let £ G tS™" 1 be such that Q4.9JI holds. Following the proof of Theorem 14.11 we get that 
the sequence of one-dimensional section (it^ ) of the minimizing sequence (uh) satisfies the 
assumptions of the SBV compactness theorem and from J Uh C K we get 

J e = (4)« C K* with H°(K$) < 00 for H n_1 -a.e. y G fi*. 

Therefore the limit function u y has also its jump set contained in the finite set Ky. In fact, it 
is easy to see that the jump set J u t is contained in the set of limits of the jump points of u h y . 

Now from (j|)| = C if| for H n-1 -a.e. y G fi f , we get 4 C X up to a W n_1 -negligible 
set and hence by (|4.9|) . also J u C K up to a W ra_1 -negligible set. □ 

Remark 4.3. Note that the set K has been taken non closed in order to avoid the easy case 
where the minimizing sequences (uh) and their limit u belong to the space 

LD(Q \ K) := {u a 1 (!]\ K,R n ): Eu G L 1 (il \ ET,M" y x m n )} 

for which the lower semicontinuity of the functional 



f(x,£u)dx= / f(x,£u)dx 
n Jn\K 

in the strong topology of L x ($7 \ K, W 2 ) follows from |12l Theorem 3.1]. 

As we have seen in the previous example, the minimizing sequences for problem 1)4.7(1 
satisfy the assumptions of both Theorems 1 1 . 2 1 and 14 . 1 1 However, unlike the assumptions (|1.1|) 
in Theorem 1 1 . 1 1 and 1)1.2(1 in )19j . which are consistent with the compactness criterion in SBV 
(see for instance [3J Theorem 4.8]), the assumption of Theorem 11.21 on the measures \E 3 Uh\ 
is not always compatible with the compactness criterion in Theorem 14.11 

In the following example, we construct a sequence {uh) C SBD(Q) which satisfies the com- 
pactness criterion in SBD while \E^Uh\ converges to a measure proportional to the Lebesgue 
measure. 
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Example 4.4. We consider in R 2 the open squares 

/ \ / \ „ /l 1 1 1 \ /l 1 1 1 

U:= (0,2) x (0,2) and ^ := (- - - - + _) x (- - ^, - + ^ 

We set 

E h := (J (S2 ft +(i,i)) with I h :={0,2/M//i..-- ,2-2/fe}. 

(*,i)e/fcx/ h 

Let (1%) be the sequence defined by := (xs h ,0) and let .Eftij := O/j + (i,j). By easy 
computations we get 

&u h = Eu h = C 1 ' °) "EhMrtLdEhM 

(i,j)ei h xi h 

where z^g h 4 j is the unit normal vector to dE^j. 

We have that \E j u h \(Q,) = + A and 7i 1 (J Uh nfi) = 8. Thus, the sequence (u/j) satisfies 
the assumptions of Theorem 14. II 

However, the sequence l-E-'u/il converges weakly * to the measure (V2 + 2)£ 2 l_a Indeed, let 
Mr? ' , Nf' 3 and , if/' 5 be respectively the two vertical and horizontal sides of the square 
Efr i j. It is easy to see that 

(4.10) |£?u ft |= ^ (h^m^ +H 1 LNi j + ^H 1 LL^ + ^H l LKi j 
Now let 99 6 C c (0). It is easy to see that 

(4.11) lim £ i^dn l =Udx forS« .U^..V^./^. /.;;'. 

(ij)el h xl h j s h Jn 

Therefore from (|4.1U|) and 1)4.11(1 we get 



lim / ipd\E j u h \ = (V2 + 2) / 



□ 
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